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SUPERRIGIDITY FROM CHEVALLEY GROUPS INTO 
ACYLINDRICALLY HYPERBOLIC GROUPS VIA 
QUASI-COCYCLES. 

MASATO MIMURA 


Abstract. We prove that every homomorphism from the elementary Chevalley 
group over a finitely generated unital commutative ring associated with a reduced 
irreducible classical root system of rank at least 2, and ME analogues of such 
groups, into acylindrically hyperbolic groups has an absolutely elliptic image. This 
result provides a non-arithmetic generalization of homomorphism superrigidity of 
Farb-Kaimanovich-Masur and Bridson-Wade. 


1. Main result 

The celebrated Farb-Kaimanovich-Masur superrigidity theorem |KM96j . |FM98j 
states that every homomorphism from an (irreducible) higher rank lattice into 
MCG(Sg), the mapping class group of a closed oriented surface of genus g, has 
finite image. Later, Bridson and Wade |BW11] have showed that the same super¬ 
rigidity remains true if the target group is replaced with Out (Fat), the outer auto¬ 
morphism group of a (non-abelian) free group Fn of finite rank. In an unpublished 
manuscript of [Mimj . the present author obtained a similar homomorphism super¬ 
rigidity from {commutative) universal lattices and symplectic universal lattices, that 
means, groups of the form SL(n, Z[xi, ..., with n > 3; and Sp(2n, Z[xi, ..., Xk]) 
with n > 2, where k finite. In this paper, we present a full generalization of this 
homomorphism superrigidity, as follows. 

Theorem 1.1 (Main Theorem). Let ^ be a reduced irreducible classical root system 
of rank at least 2. Let A be a finitely generated, unital, commutative, and associative 
ring. Let T and A be as follows: 

• The T is a quotient of a finite index subgroup of the {simply connected) 
elementary Chevalley group E(<l>,y4); 

• The A is measure equivalent to T with the L 2 -integrability condition on a 
corresponding ME cocycle from T to K. 

Then the following hold true. 

{i) For any acylindrically hyperbolic group G, every group homomorphism from 

A into G has an absolutely elliptic image H. That means, any acylindrical 
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G-action by isometries on a {Gromov-)hyperbolic geodesic space has a bounded 
H-orbit. 

{ii) Furthermore, if G is of the form MCG(Eg) or Out{Fjsf) for g, N finite, then 
every group homomorphism from A into G has a finite image. 

Remark 1.2. In fact, in the assertions for A = F in Theorem 11.11 we can drop the 
assumption of the hnite generation of the ring A. See Section [ 6 l 

We explain some terminology in the theorem above, hrstly on F and A. For 
(simply connected) elementary Chevalley groups, we refer to |Ste 68 j and [EJZK] . 
A basic example is the elementary group E(n, A), when d) = A„_i, which is a 
subgroup of GL(n, A) generated by the elementary matrices eij{a) for 1 < z < n, 
i^j, and a G A. Here, eij{a) denotes the matirx in GL(n, A) 1 on 
diagonal, 0 on all but the {i,j)-th off-diagonal entries, and a on the (z, j)-the entry. 
In that case, the commutator relation [ejj(ai), ej^fc(a 2 )] = 64 ^^( 0102 ) for i ^ j ^ 
k ^ i implies that if zz > 3 and if A is as in Theorem 11.11 then E(zz, A) is hnitely 
generated. If we let <h = G„, then E(<h, A) is the elementary symplectic group. By 
setting A = Z[a;i ,... ,Xk\ in both cases above, we recover the case of (commutative) 
universal lattices and of symplectic universal lattices. For the measure equivalence 
(ME) and the Lp-integrability condition, the reader may consult with |Furll] . see 
Dehnition 2.1, Subsection 2.3.2, and Appendix A.3 therein. We will also briefly recall 
it in the proof of Proposition 13.21 in the present paper. A basic example of a measure 
equivalent pair (F, A) is a pair of two lattices in a common locally compact second 
countable group. Moreover, if these two in the example above are irreducible higher 
rank lattices, then this measure equivalence is known to satisfy the Lp-integrability 
condition for all p G [1, cxd), see for instance |BFGM07( Section 8 ]. Therefore, item 
(zz) of Theorem 11.11 generalizes the Farb-Kaimanovich-Masur and the Bridson-Wade 
superrigidity of higher rank lattices, provided that the corresponding higher rank 
algebraic group has no rank 1 factor, to groups without arithmetic backgrounds. 

Secondly, on G, recall from Dahmani-Guirardel-Osin |DGQ] and Osin |Osi] that a 
group G is said to be acylindrically hyperbolic if G admits a non-elementary acylin- 
drical action by isometries on a (Gromov-)hyperbolic geodesic space. Here an iso¬ 
metric G-action on a metric space S is said to be acylindrical if for every e > 0, 
there exist R,N>Q such that for every two points x,y E S with d{x, y) > R, there 
are at most N elements g E G which satisfy d{x,gx) < e and d{y,gy) < e. And an 
acylindrical G-action by isometries on a hyperbolic geodesic space S is said to be 
non-elementary if the limit set of G on the Gromov boundary dS contains more than 
2 points. The class of acylindrical hyperbolic groups contains MGG(Sg), Out (Fat) 
for g > I and N > 2, and inhnitely presented graphical G(7)-small cancellation 
groups |GS14j . which include Osajda’s monsters |Osal4j (for more examples, see 
[Usil Appendix A]). Note that, because any non-elementary free product is acylin¬ 
drically hyperbolic, there is no hope to expect that the image is hnite in (z) of 
Theorem 11.11 in general. Item (zz) implies that, if we know all of the absolutely 
elliptic subgroups in G to certain extent, then it may be possible to deduce that the 
image is, in fact, hnite. 
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Remark 1.3. In [BWllj . Bridson and Wade define that a group is "L-averse if no 
finite index subgroup has a normal subgroup that surjects onto Z. Then, they show 
that for any Z-averse group, the homomorphism superrigidity into MCG(Eg) and 
into Out(iuv) holds true. We remark that many examples of A in Theorem 11.11 are 
not Z-averse. Indeed, for A = T = SL(3,Z[x]), the kernel K of the substitution 
map with x = surjects onto Z. To see this, observe that the derivation cocycle 
A —)■ (Mat(3,Z), g g' |x=o is a group homomorphism if it is restricted on K. 

Remark 1.4. The acylindrical hyperbolicity can be also characterized in terms of 
hyperbolically embedded subgroups, see |Usil Theorem 1.2]. The reader familiar with 
relative hyperbolic groups might think that the conclusion in item (i) ofTheorem ll.il 
may be stated in terms of such subgroups (not in terms of the absolute ellipticity). 
However, Theorem 7.7 in |M015] implies that it is impossible in general. 

2. Strategy of the proof of Theorem 11.11 

To prove the main theorem, we introduce the following properties, which are 
motivated by property (TT) of Monod |Mon01j . 

Definition 2.1. (1) A group T is said to have property (TT)/T {“property TT 
modulo T”) if any quasi-cocycle into any unitary T-representation which does 
not contain trivial representation is bounded. 

(2) A group T is said to have property (TT)„m ( “property TT for weakly mixing 
representations”) if any quasi-cocycle into any unitary T-representation which 
is weakly mixing is bounded. 

We refer the reader to Section [3] for the precise definitions of quasi-{l-) cocycles 
and of weakly mixing unitary representations. We also see in Section [3] that property 
(TT)wm is strictly stronger than Kazhdan’s property (T), and strictly weaker than 
property (TT). 

The proof of Theorem 11.11 consists of the following two parts: 

Theorem 2.2. Let A be as in Theorem II. 11 Then A has property (TT)wm- 

Proposition 2.3. Let K he a group. If A has property (TT)wm, then every homo¬ 
morphism from A into an acylindrically hyperbolic group has an absolutely elliptic 
image. 

We will prove Theorem 12.21 in Section 01 and Proposition 12.31 and Theorem 11.11 in 
Section[5l For the proof of Theorem l2.21 more precisely, we firstly prove Theorem l4.ll 
which states that the T (elementary Chevelley groups in our settings) possesses 
property (TT)/T, and then deduce property (TT)wm for A by the T 2 -induction 
process (item (2) in Proposition 13.2p . 

The proof of Theorem 14.11 is the main part of this paper. For the proof, we 
employ a new observation on bounded generation for elementary Chevalley groups 
over commutative rings, see Lemma Wf2 \ for the precise statement. Here we state the 
denition of bounded generation. 
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Definition 2.4. For two subsets e G X C F, Y CFofa group F, we say that Y 
is boundedly generated by X if there exists an integer N such that Y C X^ holds 
true (the right-hand side denotes the set of all the products of possibly overlapping 
N elements in X). 

The use of bounded generation has been revealed to be a powerful tool in the proof 
of property (T) and fixed point properties: see for instance |Sha99] and |Sha06] . In 
general, bounded generation is extremely hard to check, and there are only few 
known useful examples. As we mentioned above, our new bounded generation. 
Lemma is weaker than all other examples which are known. However, in return 
for this weakness, it applies to considerably wide classes of Chevalley groups. We 
expect that Lemma 14.21 has potential for further applications. 

We remark on a relevant result by other researchers. Another generalization of use 
of quasi- CO cycles to homomorphism superrigidity rather than quasi-homomorphisms, 
which was observed firstly in [Mim] , is obtained by Burger and lozzi |BI] (note that 
the use of quasi-homomorphisms to homomorphism superrigidity was initiated by 
[BF02j . but that the use of (twisted) quasi-cocycles had not been observed before 
[Mim] ■ see also Remark l5.ip . They introduce the £ 2 -stability, and prove certain type 
of homomorphism superrigidity of ^ 2 -stable groups into MCG(Sg). Some discrete 
infinite groups coming from products of trees have the £ 2 -stability, and they never 
have property (T) (thus, nor (TT)^^)- Hence, their result applies to more groups. 
The ^ 2 -stability, on the other hand, is not stable under the measure equivalence 
(for instance, any uniform and irreducible lattice in SL(2,M) x SL(2,M) enjoys the 
^ 2 -stability, whereas vri(Sg) x 7ri(Sg) does not for any g >2). 

3. Property (TT)/T and Property (TTj^m 

As we mentioned in Section [21 we employ property {T)-like properties for the proof 
of Theorem 11.11 We refer the reader to [BdlHVOS] for a comprehensive treatise on 
Kazhdan’s property (T). 

Let F be a countable discrete group, and (tt, "H) be a unitary F-representation. A 
map c: F —)■ "H is called a quasi-{l-)cocycle into vr if 

sup \\c{gh) - c{g) - n{g)c{h)\\ < oo. 

g,h&r 

This quantity is called the defect of c. Quasi-(1-)cocycles are related to (second) 
bounded cohomology, see [MonOlj and [MonOG] for details. Recall that F has Kazh¬ 
dan’s property (T) if and only if any genuine cocycle (namely, any quasi-cocycle 
with defect 0) into any unitary representation vr is bounded (this is the Delorme- 
Guichardet theorem, see [BdlHVOSl Theorem 2.12.4 and Proposition 2.2.9]); and 
that F is said to have Monod’s property (TT) if any quasi-cocycle into any unitary 
representation vr is bounded. Recall in addition that a unitary representation tt is 
said to be weakly mixing if it does not contain any finite dimensional subrepresen¬ 
tation. 

By recalling Definition 12.11 we clearly observe the following implications: 

(TT) ^ (TT)/T ^ (TT)„^. 
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Lemma 3.1. Property (TT)„m implies property (T). 

Proof. First observe that property (TT)win implies that all (genuine) cocycles into 
any weakly mixing unitary representation are bounded. Suppose that F has prop¬ 
erty (TT)„m but that fails to have property (T). Then by |BdlHV08l Proposi¬ 
tion 2.12.2.(ii)], the failure of property (T) implies that some weakly mixing unitary 
representation (vr, Pi) admits almost invariant unit vectors. Here we say that (tt, Pi) 
admit almost invariant unit vectors if for any e > 0 and for any hnite subset iP C F, 
there exists a unit vector ^ E H such that sup^g^^ “ ^11 < From this, we 

can construct an unbounded cocycle into (^ 2 - 071,^2 -ew). where “£2 - 0 ” denotes 
the countable ^ 2 -direct sum. We can do that by taking the £ 2 -direct sum of count¬ 
able copies of { 71 , 'H) and by piling up cocycles of the form g 1 —)■ 'n'{g)(n — Cn for a 
suitable sequence of vectors {Cn}n- This argument is known as a Guichardet-type 
argument, see jBdlHVO^ Proposition 2.12.2.[ii)] for more details. This contradicts 
that P has property (TT)wm because the countable ^ 2 -direct sum of weakly mixing 
unitary representations is also weakly mixing. □ 

Therefore, we have obtained the following implications: 

(TT) ^ (TT)/T ^ (TT)„^ ^ (T) ■■■(*). 

We note on the reverse implications in (a). The right implication cannot be 
reversed, because any inhnite hyperbolic group fails to have property (TT)wm (also 
see Section ED. Burger and lozzi [BI] construct a counterexample to the converse 
implication to the left one. The ^ 2 -stability in the sense in [BI] is implied by property 
(TT)wm by the proposition below. It might be open whether the middle implication 
can be reversed. 

The next proposition explains why we need both of property (TT)/T and property 
(TT)wm to prove Theorem ll.il 

Proposition 3.2. (1) Property (TT)/T and property (TT)„ni, respectively, pass to 
group quotients and to finite index subgroups. 

(2) If T has property (TT)/T, and if A is measure equivalent to F with the L 2 - 
integrability condition on an ME cocycle from F to A, then A has property 
(TT)^^. 

Proof. Item (1) is straightforward from the pull-back and induction of quasi-cocycles 
(for the latter part, compare with the argument below). Item (2) basically follows 
from the L 2 -induction of quasi-cocycles for the ME coupling (A,F), and in what 
follows, we will discuss this in more details. 

Let (H,m) be an ME-coupling for (F, A), D = VL/A be a A-fundamental domain. 
Let a: F X H —)■ A be the corresponding ME-cocycle, namely, 

for any 7 G F and for any x E D, j ■ x = 0 ( 7 , x)'jx. 

Here a; 7 • x denotes the natural action T r\ D] and x 1 -^ 7 X denotes the original 
action of F on H. The reader may consult [Furll] for more details on these notions 
and dehnitions. We recall that a is said to satisfy the L 2 -integrability condition if 

for any 7 G F, |q;( 7 , •)|a G L 2 {D). 
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Here | • |a is the length function on A with respect to some hnite generating set. 

Let (cr, i^) be a unitary A-representation. First, we dehne the induced unitary 
F-representation (f2Ind^cr, by = L 2 {D,S^) with the twisted F-action 

dehned almost everywhere by 

Then f^Ind^cr becomes a unitary F-representation. Secondly, let c: A —)■ be 
a quasi-cr-cocycle. Then, we hope to dehne the induced map c by the following 
formula: 

for 7 G F and x E D, c( 7 )(a:) := c(a( 7 “^,x)“^). 

If it is well-dehned, then this gives rise to a quasi-cocycle into fllnd^cx. 

We warn that there is, in general, an issue of the 2-summabihty to obtain the well- 
dehnedness of c. However, in our case, the assumption of the L 2 -integrability of a 
ensures this summability. We, furthermore, warn that even if cr ^ 1a, it may happen 
that fllnd^cr 3 Ip. The arguments in |Furlll Subsection 4.1.1], however, show the 
following: if a is, besides, weakly mixing, then we can conclude that fllnd^cx ^ Ip 
(this is the role of the weak mixing property in the current paper). 

By observing these two subtle points above, we start from an arbitrarily taken 
weakly mixing unitary representation a of A and an arbitrarily taken quasi-cocycle 
c into a. Then, by the L 2 -induction process above, we obtain the unitary represen¬ 
tation fllnd^cr, which does not contain trivial representation, and the quasi-cocycle 
c into fllnd^cr. Then, by property (TT)/T for F, we have that c is bounded. 

Initially, there is a gap in deducing the boundedness of c from that of c. How¬ 
ever, a deep result in [MSObl Theorem 4.4], which concerns inductions of bounded 
cohomology, enables us to take this deduction without gaps in our (unitary) setting. 
Therefore, c must be bounded and A enjoys property (TT)^^, as desired. □ 

The next lemma is the key observation to Section 01 and is a development of 
[Mimlll Proposition 6.6]. Here we say that a pair F 3 Z of a group and a sub¬ 
set is said to have relative property (TT) if any quasi-cocycle into any unitary F- 
representation is bounded on Z. Recall from Defnition 12.41 on bounded generations. 

Lemma 3.3. Let T be a countable discrete group, Tq be a subgroup ofT, and Z be a 
subset o/F. Assume that the triple (F, Fq, Z) satisfies the following three conditions. 

(i) The Z generates F; 

{ii) For any h E Fq, h~^Zh C Z; 

{iii) The F is boundedly generated by ToU Z. 

Assume, besides, that the pair T D Z has relative property (TT) and that F has 
property (T). Then, F has property (TT)/T. 

In particular, if {T, Fq = F, Z) fulfills conditions {i) and (ii), then relative property 
(TT) for the pair T If Z together with property (T) for F implies property (TT)/T 
/or F. 

Note that Z C F is in general not a subgroup of F (compare with condition (*)). 

For the proof, recall that the original dehnition of Kazhdan’s property (T): F is 
said to have property (T) if any unitary representation which does not contain trivial 
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representation admits almost invariant unit vectors. See the proof of Lemma IXTl for 
the dehnition of existence of almost invariant vectors, and observe that if G is 
a hnitely generated group, then we can hx K there a hxed hnite generating set. 
Consult also jBdlHVO^ Dehnition 1.1.3] for details. 

Proof. Let be a unitary L-representation that does not contain trivial repre¬ 

sentation, and c: r —)■ ?{ be a quasi-cocycle into vr. Let C < cxo be the maximum of 
the defect of c and sup,jg^ l|c(2^)||- 

We claim that c(ro) is bounded. Indeed, for any h G Lq and z E Z, we have that 
by (n), 

\\n{z)c{h) — c{h)\\ < \\c{zh) — c{h) — c{z)\\ + C 
<\\c{h{h-^zh)) - c{h)\\ +2C < \\c{h) - c{h)\\ +4C = 4C. 

Suppose, on the contrary, that c(ro) is unbounded, and take {hnjn ^ Tq such that 
||c(hn)|| —)■ oo. Then, {c{hn)/\\c{hn)\\}n forms a sequence of almost invariant unit 
vectors for vr by (i), but this is absurd because L has property (T) . Hence, c(ro) 
is bounded. Finally, we deduce the boundedness of c(r) with the aid of bounded 
generation (item {Hi)) and triangle inequality of c up to +C error. 

For the last part of the assertions in Lemma 13.31 observe that F is boundedly 
generated by F itself. □ 

This lemma is inspired by |Sha06( Section 4.III]. The hrst application of Lemma 13^ 
was in [Mirnllj . where we use for the tuple (F, Tq, Z) = (E(n, A), E(n, A) fl GL(n — 
1,H),C U R) for A as in Theorem 11.11 Here GL(n — 1,H) sits on the left-upper 
corner, C := : 1 < ? < n —l,a G A) (“Column vectors”), and R := {enj{a) : 

1 < j < n — l,a E A) (“Row vectors”). We warn that, in this case, condition 
{in) (bounded generation) is proved by Vaserstein |Vas07j but that for other root 
systems <I>, it might be open whether similar bounded generation remains true. As 
we will see in Section 01 in the present paper, we will employ much weaker bounded 
generation fLemma 14.2p . Owing to it, we are able to apply Lemma [3.31 to the case 
where Fq = F, where condition {Hi) is trivially fulhlled. 

4. Key theorem: property (TT)/T for elementary Chevalley groups 

As we mentioned in Section 01 the following theorem is the essential part in the 
present paper, and may be regarded as a strengthening of |EJZK1 Theorem 1.1] for 
elementary Ghevalley groups (recall Lemma l3.ip . Note that, however, because we 
employ property (T) for such groups in the proof below, our theorem is based on 
their result. 

Theorem 4.1. Let $ and A be as in Theorem 11.11 Then E(<I), A) has property 
(TT)/T. 

Because the proof of Theorem 14.11 is involved, we hrst verify this for the case 
$ = An-i (hence E(<I), A) = E(n, A)) for n > 3; and then we indicate the ingredients 
needed for the proof in the full generality. 
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Proof of Theorem \4:.l\ for $ = {n>3). Set F = Fq = E(n, A) and X is the set 

of all elementary root unipotents, namely, in this case, 

X := {ejj(a) : 1 < ^ < n, 1 < j < n, i 7 ^ j, a G A}. 

Furthermore, set Z as the union of all F-conjugates of X, that means, 

Z :=\J h-^Xh C F. 

/igr 

We claim that this triple (F,Fo, 2^) fulhlls all of the assumptions in the final part 
of Lemma f3.3l First, items (i) and {ii) are by construction. Property (T) for F is 
a big result, and was proved by the combination of Shalom |Sha06] and Vaserstein 
|Vas07j . see also jFJZKj . Therefore, the final process is to check that T D Z has 
relative property (TT). For this, we will show the following two assertions: 

(а) The pair F 3 X has relative property (TT). 

( б ) The Z is boundedly generated by X. 

By the triangle inequality up to uniformly bounded error for quasi-cocycles, these 
two statements will immediately lead us to the conclusion. In what follows, we will 
verify, respectively, assertions (a) and ( 6 ). 


Proof of (a): Shalom |Sha991 Theorem 3.4] shows that the pair E(n — 1, A)^ ^ > 

A'^~^ has relative property (T), where E(n — 1,A) acts naturally on A^~^. Here 
we do not recall the dehnition of relative property (T): instead, we refer the reader 
to jBdlHVOSl Dehnition 1.4.3] (there, this property is stated as property (T) for a 
pair). Then, we apply to a result by Ozawa |Ozalll Proposition 3: (1) (2)], 

which states that for a pair G H > H for an abelian H, relative property (T) 
implies relative property (TTT) of Ozawa. Again, we do not state the dehnition 
of (relative) property (TTT) here, but we remark that relative property (TTT) 
implies relative property (TT) in the sense in Sectional see jOzallj for details. By 
combining these two results, we conclude that the pair E(? 7 , — 1, A) k A^~^ > A^~^ 
has relative property (TT). Finally, embed E(n — 1, A) x A^~^ into E(n, A) in such 
several (hnitely many) ways that any h G X lies in the image of A^~^ for some of 
such embeddings. This ends the proof of (a). 


Proof of (b): We employ arguments in the work of Park and Woodburn |PW 95 j as 

follows (here we only sketch them). Take s = eij(a) G X. Then for 7 G F, 

757“^ = In + (Tth column vector of 7) • a • (j-th column vector of 7~^). 

Let V = * *(ni, ..., Vn) be the Tth column vector of 7, w = (tci,.. ., Wn) be a times 
the j-th row vector of 7“^ and (71,..., 7^) be the Tth row vector of 7“^. Then since 

* 7^ P = 1 and = 0. Therefore, by letting = w^m - Wmli, 

we have that w = J2(i<)i<m{<n) — vAm), and hence (the following are due 
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to Suslin), 

-^57-1 =4 + V W = 4 + V- ^ k^rniVniGl - Viem)j 

(l<)/<m(<n) 

=In + ^ V ■ bi^rniVmGl - 

(l<)/<m(<?i) 

= n i^n + ^ ■bl,m{Vmei - Viera)). 

{l<)l<m(<n) 

Mennicke observed that each factor in the very below side of the equalities above 
can be written as a product of bounded numbers of (only depend on n and does not 
depend on 7 and s), precisely at most 8 + 2(n — 2) = 2n + 4, elementary matrices. 
Therefore, for any 7 G T and s G X, 757“^ is a product of at most (n + 2 )n{n — 1) 
elements in X, and this bound is independent of the choices of 7 and s. For more 
details, consult Lemma 2.3, Lemma 2.6, and Corollary 2.7 in |PW95] . 

Therefore, we have completed the proof of Theorem 14.II for T = E(?t,, A). □ 


Note that, in comparison with Vaserstein’s bounded generation |Vas07j (recall 
from the end of Section [3]), the bounded generation in assertion (6) above is weaker 
but that the proof is considerably less involved (for instance, the proof of (6) does 
not even need the hnite generation of A: only the commutativity of A is needed). 
From this point of view, it may be natural to expect that similar “weak bounded 
generations” remain true for other root systems <h. As we will see below, this is the 
case-, for instance, if $ = (symplectic case), then |Kop78[ Section 1] implies it. 
In the full generality, we have the following, which may be seen as a new bounded 
generation ingredient to study hxed point properties and boundedness properties. 


Lemma 4.2 (New bounded generation observation). Let A and <F be as in Theo¬ 
rem o Set X := X(<I), A), which denotes the set of all elementary root unipotents, 
and 

Z ■= IJ h-^XhCE{^,A). 

h£E(^,A) 

Then, Z is boundedly generated by X. 


Proof. For the cases of $ = A„_i; and A = Cn, we have referred to the references 
|PW95j : and |Kop78| . In general case, a recent result of Stepanov |Stel Corollary 9.2] 
ensures the conclusion. In fact, Stepanov pointed out to the author that to prove 
the lemma above, we do not need to make full power of his result. It suffices to 
combine the normality of E(<I), A) in the Chevalley group, which was established by 
Taddei, with the argument in the proof of |Stel Theorem 9.1]. □ 

Proof of Theorem \4:A\ in general cases. Set F = Pq = E(<I),A). Set X and Z C T 
as in Lemma [4.21 We claim that this triple (F,Fo,2^) fulhlls all of the assumptions 
in Lemma 13.31 In this general case, property (T) for F is a celebrated result by 
Ershov, Jaikin-Zapirain, and Kassabov |EJZK( Theorem 1.1]. Conditions {i) and 
(a) obviously hold. 
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Thanks to Lemma 14.21 what remains to show is that T 3 X has relative property 
(TT) (corresponding to assertion (a) for <h = An-i). This can be done in the 
following three steps (compare with the proof for <h = An-i): 

• Show relative property (T) for a suitable pair G ik H > H for an abelian H] 

• apply Ozawa’s result |Ozallj and deduce that the pair above has relative 
property (TT); and, 

• embed G x H into T in (several) appropriate ways. 

More precisely, the combination of |EJZKl Theorem 7.10 and Corollary 7.11] (see 
also arguments above Theorem 7.12 there and in the proof of it) will be employed 
in the hrst step. Note that in [EJZK] results are stated in terms of Steinberg-type 
groups, but that E(<h,74)’s are group quotients of them. Here, observe, in addition, 
that relative prperty (T) passes to group quotient pairs. 

Now we have established the theorem. □ 

Remark 4.3. As we mentioned above Theorem 14.11 we need to employ property (T) 
for T = E(<h, A) for the proof of Theorem 14.11 For a general <h, this is a great 
achievement in [EJZKj and the proof of property (T) is highly involved. However, 
in a recent work |Miml5j . the present author has obtained a much simpler proof 
of property (T), which is applicable to many groups of such type: for instance, 
4) = An-i and $ = for any n > 3. More precisely, we bypass “e-orthogonality 
argument” in [EJZK] . which requires delicate estimations of certain spectral quan¬ 
tities, by utilizing ‘^strong algebraization’\ which is invented in [MimlSj . 

Another remark is on noncommutative universal lattices. When $ = A„_i, it is 
possible to drop the commutativity assumption on A. The group E(n, Z(xi,..., Xk)) 
with n > 3 and k hnite is called the noncommutative universal lattice. Osin pointed 
out that it might be open whether noncommutative universal lattices are acylindri- 
cally hyperbolic. The gap to apply Theorem 14.11 is the lack of the weak bounded 
generation, namely, there is no reason to believe that Lemma [4.21 remains true for a 
noncommutative A. The current status of the question of whether noncommutative 
universal lattices have property (TT)/T might be open. In the same work [MimlSj 
as above, on the other hand, we show that noncommutative universal lattices, and 
even the corresponding Steinberg groups of type A„_i, with n > 4 have the hxed 
point property relative to Lp-spaces for any p G (1, oo). 

Proof of Theorem \2.2[ Combine Theorem 14.II with Proposition□ 

5. COMPARISON WITH ACYLINDRICAL HYPERBOLICITY, AND THE PROOE OE THE 

MAIN THEOREM 

In contrast to groups with property (TT)„jn, Hamenstadt [HamOSj showed that 
any non-elementary subgroup H of MCG(Sg) has plenty of unbounded quasi-cocycles 
into (the left-regular representation). It turns out that her theorem ap¬ 

plies to any acylindrically hyperbolic group, see [Usil Theorem 8.3]. 

Before proceeding into the proofs, we recall that property (TT)^^ implies property 
(T) fLemma 13.ip : and that every group homomorphism from a discrete group with 
property (T) into a discrete amenable (such as virtually abelian) group has a hnite 
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image (see |BdlHV08l Corollary 1.3.5]). Here we say that a group is virtually P if 
there exists a subgroup of hnite index that satishes the property P. 

Proof of Proposition By |Osi[ Theorem 1.1], the image if is either elliptic, vir¬ 
tually Z, or acylindrically hyperbolic. Because A and hence H have, in particular, 
property (T), the second option is impossible. Suppose, on the contrary, that H 
is acylindrically hyperbolic. Then by the argument above (see also |H013[ Corol¬ 
lary 1.5] and the main theorem of |BBF] h there must exist unbounded quasi-cocycles 
into Note that because such an H is inhnite, \h is weakly mixing (in 

fact, strongly mixing). This contradicts property (TT)„m for H (see also Proposi¬ 
tion [3]2]). 

Therefore, H ^ G must be absolutely elliptic. □ 

Proof of Theorem \l.l[ Item (i) immediately follows from Theorem 12.21 and Propo¬ 
sition [231 To show item (A), we employ subgroup classihcations of MCG(Eg) and 
of Out(TAr). Theorem 8.10 in |DGOj shows that if if ^ MCG(Eg) is not virtually 
abelian, then there exists a hnite index subgroup Hq ^ H which maps onto an 
acylindrically hyperbolic group. Hence, by item (i), which we have verihed, and 
Proposition 13.21 the image of A must be virtually abelian. Again, property (T) 
implies that the image must be hnite. In the Out(fjv)-target case, we need more 
care. However, the argument in the proof of |BW11[ Proposition 2.1] remains to 
work without any essential change. Indeed, the absolute ellipticity excludes all fully 
irreducible automorphism classes, and then property (T) may take place of the Z- 
aversion. Finally, |BW111 Corollary 2.9] implies that Hq (and hence H) are hnite, 
which completes our proof. □ 

Remark 5.1. There have been several results on quasi-homomorphisms (namely, 
quasi-cocycles into the trivial representation (lr,M)) on acylindrically hyperbolic 
groups and on higer rank lattices before corresponding results for quasi-cocycles 
into nontrivial unitary representations. The reason why we employ (twisted) quasi¬ 
cocycles rather than quasi-homomorphisms is that it might be open whether there 
exist unbounded quasi-homomorphisms on E(<F,A), even for <F = A„_i and A = 
Z[x]. A partial result is given by the author [MimlOj . 

Remark 5.2. After the hrst draft of this paper, Osin pointed out to the author 
that, in order to show only that E($, A) in Theorem 11.11 itself is not acylindrically 
hyperbolic, we do not need to appeal to property (T) for that group. More precisely, 
he provided the author with the following lemma. The author is grateful to Osin 
for letting him inculde this result in the present paper. 

Lemma 5.3 (Osin). Let V be a group, Fq a subgroup ofT,Z a subset ofT. Assume 
that (F,Fo, 2’) satisfies {i'): the subgroup {Z) ^ F generated by Z is not virtually 
cyclic; and conditions (ii) and (Hi) in Lemma 12751 If, besides, T Z has relative 
property (TT), then F is not acylindrically hyperbolic. 

In particular, z/Fq = F, then we may drop assumption {in). 


We exhibit a sketch of Osin’s proof. For the terminologies below, see |Osi] . 
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Proof. By the way of contradiction, assume that T acts acylindrically and non- 
elementarily by isometries on a hyperbolic geodesic space S. By [Osil Theorem 1.1], 
there are 3 cases: Tq is non-element ary with respect to the action on S'; Tq is elliptic; 
or, Tq is virtually cyclic and contains a loxodromic element h. 

We deal with the first case. By |DG01 Lemma 6.5 and Theorem 6.14], we can 
hnd a loxodromic element h G Tq such that E{h) = (h) x K{r). Here E{h) is the 
maximal elementary (= virtually cyclic) subgroup of T containing h, and i^(r) is 
the maximal hnite normal subgroup of T. By [i'), there exists z ^ Z such that 
2 ; ^ E{h). Let q be the quasi-cocycle from T into {Xr/E{h),(^ 2 (J'/E{h))), provided by 
[H013] . which extends the natural homomorphism E{h) —)■ E{h)/K{r) = Z. Then, 
from the construction of q in |H013] (see the formula above Lemma 4.7 therein), 
\\q{h~'^zh'^)\\ —)■ cxo as n —)■ cxD. This contradicts (n) and relative property (TT) in 
the assumption. 

Then, we discuss the second and the third cases. In the second case, by the 
construction of quasi-cocycles in |H013j . we can easily obtain an unbounded quasi¬ 
cocycle q from T into (Ar,f' 2 (r)) that is bounded on Tq. This contradicts {in) and 
relative property (TT). The third case may be reduced to the second one. Indeed, 
in that case, E{h) B by |DG01 Theorem 6.8]. Now by |Osil Theorem 5.4], we 
can construct a non-elementary acylindrical action of T by isometries on another 
hyperbolic geodesic space such that E{h) (and hence Tq) is elliptic with respect to 
this action. □ 

From Lemma E31 if we know that all of the hnite index subgroups of T have hnite 
abelianization, then we have the same conclusion as items (i) and {ii) of Theorem ll.il 
for A = T = E($,A), without appealing to property (T) (the condition above on 
abelianization is needed to exclude the case that the image is virtually Z). To have 
the full result in Theorem 11.11 for a general A, we may need to employ property 
(TT)/T and property (TT)wm, as we have seen in the present paper. This is similar 
to the original situation in the Farb-Kaimanovich-Masur and the Bridson-Wade 
superrigidity that the case of non-uniform lattices is easier and that the case of 
uniform lattices is harder. 

6. Final remark on (in)finite generation of rings 

As we mentioned in Remark 11.21 we prove the following. 

Proposition 6.1. The assertions of items {i) and {ii) in Theorem \1.1\ for A = F 
(a quotient of a finite index subgroup ofE{^,A)) remain true even for a unital, 
commutative, and associative ring A, possibly not finitely generated. 

Here F is viewed as a (possibly uncountable) discrete group. 

Proof. It suffices to show the statement for the case that F is a finite index sub¬ 
group of E(<h, A). Let fi-.T —)■ G be a group homomorphism into an acylindrically 
hyperbolic group G. 

Suppose, on the contrary, that the image of F is not absolutely elliptic. Then 
there exists 7 G F such that 'fi{'y) acts as a loxodromic element with respect to 
some acylindrical G-action by isometries on a hyperbolic geodesic space. Write 7 as 
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^ where 7 i, 1 < i < m, belongs to X{^,A) (the set of all elementary- 

root unipotents). Set a finitely generated subring Aq of A as the ring generated by 
IgA and all ring elements appearing in (coefficients of) 71 ,... , 7 m- Then, (7 G 
)r' := r nE(<h, Aq) is of Enite index in E(<h, tEq), and hence item (i) of Theorem ll.il 
applies to T'. It follows that G)fi(T') must be absolutely elliptic in G, but 

it is a contradiction. This argument shows item (i). Item (ii) can be verihed in a 
similar manner. □ 
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